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Abstract: Orthogonal Frequency Division Multiplexing (OFDM) 
is a promising way to provide large data rates at reasonable 
complexity in wireless fading channels. However, a major 
disadvantage of OFDM is its large peak-to-average power ratio, 
which significantly decreases the efficiency of the transmitter 
power amplifier and hence forms a major obstacle to 
implementing OFDM in portable communication systems. This 
paper shows the possibility of using Complementary codes for 
both decreasing the peak-to-average power (PAP) ratio and error 
correction. Set sizes and minimum distance properties of these 
codes are derived. It is shown that specific subsets of 
complementary codes have a minimum distance of up to half the 
codelength, while their PAP ratio is only 3 dB. Simulation 
results demonstrate the viability of using these codes in 
multipath fading channels. It is currently planned to implement 
OFDM with complementary codes in the Wireless ATM 
Network Demonstrator (WAND), a joint European ACTS 
program. 

I. Introduction 

In OFDM, groups of kN bits are simultaneously transmitted over 
N subchannels, with k bits per subchannel using some form of 
QAM. By making the symbol interval large enough - which is 
achieved by increasing N at a constant total bit rate - it can be 
guaranteed that the subchannels experience negligible 
intersymbol interference. Instead, they are subject to narrowband 
fading, with different effects for each subchannel [ 11. 

The main disadvantage of OFDM is the large peak-to-average 
power ratio. When N signals are added with the same phase, 
they produce a peak power which is N times the average power. 
This effect is illustrated in figure 1. For this example, the peak 
power is 4 times its average value. Note that when the OFDM 
center frequency is large in comparison with the signal 
bandwidth N f l ,  the peak-to-average power ratio (PAP) is 3 dB 
less than the Crest factor, which is defined as the maximum 
envelope voltage divided by the rms signal voltage. 
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Figure 1: Square root of peak-to-average power ratio for a 16- 
channel OFDM signal, modulated with the same initial phase 

for all subchannels. 

Of course, not all codewords result in a bad peak-to-average 
power ratio. One way to tackle the peak power problem is to 
construct a code for which the codewords have a reasonable 
PAP ratio. The main questions now are: 

a) What set size or coding rate can be achieved for a given 

b) Can the code also provide error detection or correction 

A partial answer to the first question was given in reference [ 2 ] ,  
which states that for 8 channels, a rate 314 code exists which 
provides a maximum PAP ratio of 3 dB. The results in [2]  are 
based on an exhaustive search through all possible (QPSK) 
codewords. No results on the minimum distance of the code are 
given. However, [2]  does mention the interesting fact that a large 
part of the codes found are Golay complementary sequences, 
which opens the way to a structured way of generating PAP- 
reduction codes. Golay complementary sequences are sequence 
pairs for which the sum of auto-correlation functions is zero for 
all delay shifts unequal to zero [3-51. It was already mentioned 
in [6] that the correlation properties of complementary 
sequences translate into a relatively small PAP-ratio of 3 dB 
when the codes are used to modulate an OFDM signal. Figure 2 
shows a typical example of an OFDM signal envelope when 
using a complementary sequence. For this case of 16 channels, 
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the PAP-ratio is reduced by approximately 9 dB in comparison 
with the uncoded case of figure 1. 
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Figure 2: Square root of peak-to-average power ratio for  a 16- 
channel OFDM signal, modulated with a complementary code. 

11. Complementary Codes 

In [3-51, several coding rules are given for generating a set of 
complementary sequences, based upon some starting 
complementary pair, the kernel. For complementary sequences 
of length 2, for instance, a possible kernel is the pair 1 1 and 1 - 
1. The basic coding rules for generating complementary series 
from this kernel are [3,5]: 

1) Interchanging botlh series 
2) Reversing and conjugating second series 
3) Altering second series 
4) Altering elements of even order in both series 
5 )  Altering first series 
6) Reversing and conjugating first series 

When rules 1 to 4 are applieid, the following 16 different codes 
are obtained. 

1 1  1 - 1  
1 1 - 1  1 
1 - 1 1 1  
1 -1 -1 -1 
1 j I - j  
1 j - 1 j  
I - j l j  
1 -j -1 -j 

1 l j - j  
1 1 - j  j 
1 - l j j  
1 -1 -j -j 
l j j l  
1 j -j -1 
1 -j -j 1 
1 -j j -1 

The number of codes can be extended to 64 by applying the fifth 
and sixth rules, which gives the same result as applying 4 
different phase shifts to the 16 codes. Hence, these 4-symbol 
code can easily be generated by using a 16 words long look-up 
table to encode 4 bits, followed by a phase rotation to map a 
total of 6 bits onto all possible complementary codes. 

Unfortunately, as the previou,s example already indicated, the six 
coding rules do not unambiguously produce all complementary 
sequences. This makes it difficult to find the size of the set and 
to find a systematic way to produce complementary sequences. 

Thus, some other algorithm has to be found to generate 
complementary codes. 

111. Generating Complementary 
Sequences 

It was shown in [5] that from one set of complementary 
sequences, others can be generated by multiplying the original 
sequences with columns of the discrete Fourier matrix. Although 
[5] only mentions this method to generate sets with longer code 
length by using the Kronecker product, it can also be used to 
generate different sequences with the same length, by 
multiplying an original sequence elementwise with columns of 
the DFT matrix. It is easy to show that such multiplications do 
not change the correlation properties. Each DFT column is a 
delta function in the frequency domain. Since multiplication in 
the time domain is convolution in the frequency domain, the 
power spectrum of a complementary sequence multiplied by a 
DFT column remains the same. Hence, also its correlation 
function, which is the Fourier transform of the power spectrum, 
remains the same, so that the outcome again is a complementary 
sequence. 

Another interesting remark in [5 ]  is that complementary 
sequences can be multiplied by columns of the binary Hadamard 
matrix, without loosing their complementary characteristics. 
Further, it is stated in [5] that “if the code is an expansion of 
shorter lengths, an arbitrary phase angle can be added to all 
elements in any orthogonal subset”. These operations turn out to 
be very useful in generating distinct codes. 

The coding algorithm for generating complementary sequences 
is now given by the following steps: 

1) Make a kernel, i.e. one complementary pair from which all 
other complementary sequences can be derived. For lengths 
equal to a power of two, kernels can easily be formed by using 
Golay’s rule for length expansion. Starting with the length 4 
sequence AIB1, where A1 = 1 1 and B1= 1-1, longer length 
codes can be formed by making A,B, with A, = An.1Bn.1 and B, 
= An.lB’n.l. In this way, codes of length 2”+’ are formed from the 
codes of length 2”. Based on the given length 4 code, for 
example, the following length 8 and length 16 codes are 
obtained. 

length8 : A2B2= 1 1 1 -1  1 1-1  1 

length 16 : A3B3 = 1 1 1 -1 1 1 -1 1 
(1) 

1 1 1 -1 -1 -1 1-1  

2) Determine the number of orthogonal subsets. For length N 
codes, formed by the length expansion method described above, 
there are logzN orthogonal subsets, all of which can be given an 
arbitrary phase offset. The orthogonal subsets within a code are 
formed by all single elements, pairs, quads, and so forth, which 
are of even order. Thus, a length 16 code has 4 orthogonal 
subsets, being all even elements, pairs, quads and one octet. All 
of these can be given a different phase without changing the 
complementary characteristics of the code. Further, it is also 
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possible to apply an arbitrary phase shift to the entire code. The 
resulting code transformation matrix consists of complex 
exponentials which phases are given (for N=8) by: 

Hence, a complementary code based upon the kernel of (1) can 
be written as: 

= { , J ( ' P ~ + ~ + w + " P ) ,  , J ( ( P I + ( P ~ + c P ~ )  , j ( ( ~ i + w + ( p d  
' (3) 

- e ~ ( ( p i + ~ d ,  ,A(P~+w+(P~), ,j(vi+(P3), - , j ( ( ~ i + c p 2 ) ,  J q i  1 

Note the resemblance of this operation with half the number of 
the Walsh-Hadamard rows, which consists of alternating 
elements, pairs, quads, etcetera. It is interesting to see that the 
remaining Walsh-Hadamard rows, which are not used in (2), 
cannot be used to generate more distinct codes. This is because 
these remaining Walsh-Hadamard rows can be written as a 
multiplication of two or more of the other rows. The same is true 
for all columns of the DFT matrix, which therefore cannot be 
used anymore to increase the number of possible sequences. 

3) Finally, a transformation can be applied which unfortunately 
cannot be described by simple multiplications or phase rotations. 
This transformation consists of interleaving the first and second 
half of a complementary sequence, which together form a 
complementary pair. For a length 8 sequence, for instance, 2 
interleaved codes can be generated which cannot be formed by 
applying the previously described coding rule. Starting with the 
previously mentioned sequence, the following sequences can be 
derived by interleaving the first and second 0, 1 and 2 times. 
Interleaving the code 3 times reproduces the original code. In 
general, a code with a length of 2" can be interleaved n-1 times 
before reproducing itself. 

0: 1 1 1 - 1  1 1 - 1  1 

2: 1 1 1 - 1  1 -1  1 1  
1: 1 1 1 1  1 - 1 - 1 1  (4) 

The described coding rules can now be used to determine the 
size of complementary code sets. For an N-length code with M 
possible phases, the kernel can be multiplied by l+10g2N 
modified Walsh-Hadamard rows with M different phases. This 
gives a code set size of A4'+'OgN . The amount of bits per 
codeword can be expressed as ( l+10g2 N)10g2 M .  For instance, a 
length 8 code with four possible phases gives 8 bits per code 
word. The above numbers did not yet take into account the 
interleaving rule, which adds another log2(log2 N) bits to the 
total number of bits per symbol (for N>4). Notice that the 
interleaving rule does not necessarily produce an integer number 
of bits per encoded symbol. 

IV. Minimum Distance of 
Complementary Codes 

In OFDM systems, the effects of multipath are mitigated by 
error correction coding over the various subchannels. Thus, 
when using a PAP-reduction code, it would be very desirable if 
this code could also be used for forward error correction. 
Otherwise, a separate code would be required, with the 
disadvantage of additional complexity and a reduction in the 
overall coding rate and spectral efficiency. 

Therefore, the question arises what minimum distance the above 
mentioned complementary sequences have. Looking at (2), it 
can be stated that if this is the only generating rule used, then 
N12+1 correctly received symbols are always sufficient to 
calculate the l+log2N phases used to generate the 
complementary sequence. This is because with 1+N/2 phase 
observations, it is always possible to form l+log2N independent 
equations which can be used to solve for the l+log2N unknown 
phases. In fact, there are a certain number of combinations of 
l+logzN independent equations. The equations are independent 
only if each phase - except ( p l  - is present in at least one and at 
most log2N equations. Since each phase - except ( p l  - is present 
in exactly NI2 observations, 1+N12 observations are sufficient to 
obtain at least one set of l+10g2N independent phase equations. 
Therefore, it can be concluded that the minimum distance 
between 2 different complementary codes of length N is NI2 
symbols, so it is possible to correct Nl4-1 symbol errors or Nl2-1 
erasures. 

The minimum Euclidean distance, which determines the 
performance in flat fading with additive noise, can be found by 
observing that a minimum distance between two code words is 
obtained if NI2 symbols have a minimum phase rotation of 
2dM, where M is the number of phases. Thus, the minimum 
Euclidean distance d,,, is: 

For instance, for 8-PSK and 8 channels, the minimum distance 
becomes 1.53, which is 6 dB larger than the distance of uncoded 
8-PSK (=0.765). Since the rate of the 8-PSK complementary 
codes is 112, a coding gain of 3 dB can be achieved compared to 
uncoded 8-PSK. 

The above distance calculations are only valid for 
complementary codes generated without using the interleaving 
rule. Two codes formed by interleaving generally have a 
distance which is less than NI2 symbols. For N=8, for instance, 
the interleaved codes (4) have a distance of only 2 symbols 
instead of 4. 
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V. Decoding 

For any coding technique to be successful, there has to be a 
decoding technique which is not too complex and which 
performance is not too far from optimum maximum likelihood 
decoding. For a Complementary code which mcodes K M-ary 
phases, according to the coding structure of (2), maximum 
likelihood decoding requires MK-' correlations. For binary phase 
shift keying (M=2), maximum likelihood decoding is very well 
possible, since in that case (2) reduces to 'Walsh-Hadamard 
encoding. Thus, the receiver could use the efficient inverse 
Walsh-Hadamard transform for decoding [7]. 

For the cases where the number of phases M is larger than 2, 
maximum likelihood decoding quickly becomes too complex for 
practical implementation. Heme, we want too find suboptimum 
decoding techniques which are less complex to implement. One 
way to decode the phase which is applied to all alternating 
elements of a complementary code is to multiply the complex 
odd samples with the complex conjugate of the even samples. 
By summing the results, a vector is obtained which has the 
desired phase value. The same procedure can be followed for 
even and odd pairs, quads, etcetera. The phase which is applied 
to the entire code has to be .found by correcting the complex 
samples for all other phases. For the length 8 code with complex 
samples xi, the phase equations are given by: 

Here, arg(} means calculation the phase of a coimplex vector and 
* denotes the complex conjugate. In order to convert the phases 
to bits, decisions have to be m,ade which constellation points are 
closest to the phases found, just as is done in normal phase shift 
keying. 

There are some alternative ways to estimate the phase of the 
entire code word. In (6), the. estimated phases were used to 
eliminate the phase rotations caused by all phases except for 'pz. 
The same effect can be achieved by multiplying the received 
code samples with complex conjugates of yi, where yi is the term 
within the arg(} expression of '[pi in (6). 

The disadvantage of this method is that there is a certain noise 
enhancement because of the double and triple products of noisy 
phasors. A better estimate can be found by using only those 
terms which have no more than one phasor multiplication: 

Following the same argument, it is also possible to simplify (6) 
by using only terms with one or zero phase rotations: 

The advantage of the above described decoding technique is that 
it provides automatic weighting of the subchannels; erroneous 
channels with low amplitudes will only give a minor 
contribution to the phase estimates. In additive white Gaussian 
noise, the described technique performs 3 dB worse than 
optimum maximum likelihood decoding, which can be argued as 
follows: the performance of maximum likelihood decoding is 
determined by the minimum Euclidean distance, which is four 
times the distance of uncoded 8-PSK for the length 8 
complementary code with 8-PSK. Looking at the decoding 
structure of (6), it can be seen for each phase estimate, four or 
more vectors are added, which gives 6 dB SNR improvement. 
However, each of the added vectors consists of a multiplication 
of two separate vectors with independent noise contributions. 
Hence, the detection signal-to-noise ratio is improved by 3 dB 
only, as compared to 6 dB for a maximum likelihood decoding 
technique. Note that the difference with maximum likelihood 
decoding decreases in case of frequency selective channels. In 
the extreme case that four out of eight subchannels are 
completely lost, both will have the same symbol error 
probability. 

Except for the soft decision technique described above, it is also 
possible to do hard decision erasure decoding. In this case, four 
out of eight subchannels are erased, based upon amplitude 
measurements obtained during training. Three subchannels can 
be erased arbitrarily, the fourth has to be chosen such that all 
phase estimates in (6) have at least one element. Erasure 
decoding will fail if one of the non-erased subchannels is in 
error. Thus, in AWGN, the bit error probability is equal to that 
of uncoded 8-PSK, so there is a loss of 6 dB compared to 
maximum likelihood decoding. Again, this loss is less in case of 
frequency selective channels. 

VI. Large code lengths 

For OFDM with a large number of channels, it may not be 
feasible to generate a sufficient number of complementary codes 
with a length equal to the number of channels. To avoid this 
problem, the total number of channels can be split into groups of 
channels; applying a complementary code to each group of 
subchannels increases the coding rate, at the cost of error 
correction capability and peak-to-average power reduction. For 
32 channels, for instance, 18 bits per symbol could be encoded 
using 8-PSK complementary codes. These codes would have a 
PAP ratio of 3 dB and a distance of 16 channel symbols, so 7 
erroneous channels or 15 erased channels could be corrected. 
Instead of 32-channel codes, it is also possible to use four 8- 
channel codes or some other combination of shorter length 
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codes. The sum of four 8-channel codes give a total of 48 bits 
per symbol and a PAP-ratio of 9 dB (6 dB reduction), while it is 
possible to correct 1 error or 3 erasures per group of 8 channels. 
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Figure 3: Bit (a-d) and packet (e-h) error probabilities (a-b) 
versus Emo for delay spreads of a,e) 50 ns, bf3 20 ns, 

c, g )  I O  ns, d, h) 0. 

Figure 3 shows the bit and single ATM cell error ratios versus 
mean E D o ,  averaged over a large (lo4) number of Rayleigh 
fading channels with an exponentially decaying power delay 
profile. The results clearly show that the combination of OFDM 
and complementary coding can efficiently exploit the frequency 
diversity of the channel for delay spreads of 10ns or more. In 
this simulation, the use of 8-PSK length 8 complementary codes 
is assumed. Two independent codes together encode 24 bits into 
16 OFDM channels. For a symbol duration of 1.2 ps, including a 
guard time of 400 ns, this gives a data rate of 20 Mbps. These 
parameters are used in the OFDM modem of Magic WAND1, 
which is one of the European ACTS2 projects. Further details on 
the WAND OFDM modem can be found in [SI. 

VII. Conclusions 

Complementary codes have good properties to serve as both 
peak-to-average power reduction codes, and as forward error 
correction codes in OFDM systems. Code set sizes have been 
derived, showing that reasonable coding rates can be achieved 
up to length 16. Further, it was demonstrated that specific 
subsets of complementary codes exist which have a minimum 
distance equal to half the code length, while their PAP ratio is 
only 3 dB. Unfortunately, the achievable code rate decreases for 
increasing code length. One way to reduce the PAP-ratio while 
In order to maintain a reasonable rate, several shorter length 
codes can be used to encode a larger number of OFDM 
subchannels. By interleaving the short codes in the frequency 

Wireless ATM Network Demonstrator 
Advanced Communications Technologies & Services 

domain, it can be assured that each code has maximum benefit 
from the diversity of the frequency selective channel. 
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